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In the present paper we establish some new integral inequalities related to a
certain inequality arising in the theory of differential equations. The discrete
analogues of the main results are also given. The analysis used in the proofs is
elementary and the results established here provide new estimates for these types
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1. INTRODUCTION
The integral inequalities which provide explicit bounds on unknown
functions have proved to be very useful in the study of qualitative proper-
ties of the solutions of differential and integral equations. The literature
 on such inequalities is vast; see 2 and the references given therein.
One of the most useful inequalities in the development of the theory of
Ž  .differential equations is given in the following lemma see 2, p. 233 .
Ž . Ž .LEMMA. Let u t and f t be real-alued nonnegatie continuous func-
tions for t 0. If
t2 2u t  c  2 f s u s ds, 1.1Ž . Ž . Ž . Ž .H
0
for all t 0, where c 0 is a real constant, then
t
u t  c f s ds, 1.2Ž . Ž . Ž .H
0
for all t 0.
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The importance of this inequality lies in its successful utilization to the
situation for which the other available inequalities do not apply directly. It
has been frequently used to obtain global existence, uniqueness, stability,
boundedness, and other properties of the solutions for wide classes of
nonlinear differential equations. For results on such inequalities we refer
 the readers to the recent book 2, Chaps. 3 and 5 . In view of the important
role played by the above inequality, it is desirable to find some new
inequalities related to this inequality which would be equally important in
certain new applications. The main purpose of this paper is to establish
some new integral inequalities and their discrete analogues related to the
inequality given in the Lemma which we believe will prove their impor-
tance to achieve a diversity of desired goals in various new applications.
2. MAIN RESULTS
 .In what follows we denote by R the set of real numbers, R  0, a
subset of R, and  denotes the derivative.
Our main results are given in the following theorems.
THEOREM 1. Let u, a, b, g, h be real-alued nonnegatie continuous func-
tions defined on R and p 1 be a real constant.
Ž .a If1
tp pu t  a t  b t g s u s  h s u s ds, 2.1Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .H
0
for t	 R , then
p
 1 a sŽ .t
u t  a t  b t g s a s  h s Ž . Ž . Ž . Ž . Ž . Ž .H½ ž /p p0
1p
h Ž .t
exp b  g   d ds , 2.2Ž . Ž . Ž .H 5ž /ž /ps
for t	 R .
Ž . Ž .a Let c t be a real-alued positie continuous and nondecreasing2
function defined on R . If
tp p pu t  c t  b t g s u s  h s u s ds, 2.3Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .H
0
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for t	 R , then
t 1
pu t  c t 1 b t g s  h s c sŽ . Ž . Ž . Ž . Ž . Ž .H½ 0
1p
h Ž .t 1
pexp b  g   c  d ds , 2.4Ž . Ž . Ž . Ž .H 5ž /ž ps
for t	 R .

Ž . Ž . Ž .a Let k t, s and its partial deriatie k t, s be real-alued3  t
nonnegatie continuous functions for 0 s t . If
tp pu t  a t  b t k t , s g s u s  h s u s ds, 2.5Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .H
0
for t	 R , then
1p
t t
u t  a t  b t B  exp A  d d , 2.6Ž . Ž . Ž . Ž . Ž . Ž .H H½ 5ž /0 
for t	 R , where
h tŽ .
A t  k t , t b t g t Ž . Ž . Ž . Ž .ž /p
 h sŽ .t
 k t , s b s g s  ds, 2.7Ž . Ž . Ž . Ž .H ž / t p0
p
 1 a tŽ .
B t  k t , t g t a t  h t Ž . Ž . Ž . Ž . Ž . ž /ž /p p
 p
 1 a sŽ .t
 k t , s g s a s  h s  ds, 2.8Ž . Ž . Ž . Ž . Ž .H ž /ž / t p p0
for t	 R .
Ž . Ž .Proof. a Define a function z t by1
t pz t  g s u s  h s u s ds. 2.9Ž . Ž . Ž . Ž . Ž . Ž .H
0
Ž . Ž .Then z 0  0 and 2.1 can be written as
u p t  a t  b t z t . 2.10Ž . Ž . Ž . Ž . Ž .
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Ž . Ž  .From 2.10 and using the elementary inequality see 1, p. 30
x y
1 p 1 qx y   , 2.11Ž .
p q
1 1
where x 0, y 0, and   1 with p 1, we observe that
p q
Ž .1p 1p p
1u t  a t  b t z t 1Ž . Ž . Ž . Ž . Ž .Ž .
p
 1 a t b tŽ . Ž .
   z t . 2.12Ž . Ž .
p p p
Ž . Ž . Ž .Differentiating 2.9 and using 2.10 and 2.12 we get
h tŽ .
z t  b t g t  z tŽ . Ž . Ž . Ž .ž /p
p
 1 a tŽ .
 g t a t  h t  . 2.13Ž . Ž . Ž . Ž .ž /p p
Ž .The inequality 2.13 implies the estimate
p
 1 a sŽ .t
z t  g s a s  h s Ž . Ž . Ž . Ž .H ž /p p0
h Ž .t
 exp b  g   d ds. 2.14Ž . Ž . Ž .H ž /ž /ps
Ž . Ž . Ž .The required inequality 2.2 follows from 2.14 and 2.10 .
Ž . Ž .a Since c t is a positive, continuous, and nondecreasing function2
Ž .for t	 R , from 2.3 we observe that
p p
u t u s u sŽ . Ž . Ž .t 1
p 1 b t g s  h s c s ds.Ž . Ž . Ž . Ž .Hž / ž / ž /c t c s c sŽ . Ž . Ž .0
Ž .Now an application of the inequality given in a yields the desired result1
Ž .in 2.4 .
Ž . Ž .a Define a function z t by3
t pz t  k t , s g s u s  h s u s ds. 2.15Ž . Ž . Ž . Ž . Ž . Ž . Ž .H
0
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Ž . Ž .Then as in the proof of part a , from 2.5 we see that the inequalities1
Ž . Ž . Ž . Ž . Ž .2.10 and 2.12 hold. Differentiating 2.15 and using 2.10 , 2.12 , and
Ž .the fact that z t is monotonic nondecreasing in t we get
pz t  k t , t g t u t  h t u tŽ . Ž . Ž . Ž . Ž . Ž .
t p k t , s g s u s  h s u s dsŽ . Ž . Ž . Ž . Ž .H
 t0
 k t , t g t a t  b t z tŽ . Ž . Ž . Ž . Ž .Ž .
p
 1 a t b tŽ . Ž .
h t   z tŽ . Ž .ž /p p p
t
 k t , s g s a s  b s z sŽ . Ž . Ž . Ž . Ž .Ž .H
 t0
p
 1 a s b sŽ . Ž .
h s   z s dsŽ . Ž .ž /p p p
h tŽ .
 k t , t b t g t Ž . Ž . Ž .ž /p
 h sŽ .t
 k t , s b s g s  ds z tŽ . Ž . Ž . Ž .H ž / t p0
p
 1 a tŽ .
k t , t g t a t  h t Ž . Ž . Ž . Ž . ž /ž /p p
 p
 1 a sŽ .t
 k t , s g s a s  h s  dsŽ . Ž . Ž . Ž .H ž /ž / t p p0
 A t z t  B t . 2.16Ž . Ž . Ž . Ž .
Ž .The inequality 2.16 implies the estimate
t t
z t  B  exp A  d d . 2.17Ž . Ž . Ž . Ž .H Hž /0 
Ž . pŽ . Ž . Ž . Ž .Using 2.17 in u t  a t  b t z t , we get the required inequality in
Ž .2.6 .
THEOREM 2. Let u, a, b, g be real-alued nonnegatie continuous func-
tions defined on R and p 1 be a real constant.
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Ž . 2b Let f : R  R be a continuous function such that1  
0 f t , x 
 f t , y m t , y x
 y , 2.18Ž . Ž . Ž . Ž . Ž .
for t	 R and x y 0, where m : R2 R is a continuous function. If  
tpu t  a t  b t f s, u s ds, 2.19Ž . Ž . Ž . Ž . Ž .Ž .H
0
for t	 R , then
p
 1 a sŽ .t
u t  a t  b t f s, Ž . Ž . Ž .H½ ž /p p0
1p
p
 1 a  b Ž . Ž .t
exp m  ,  d ds , 2.20Ž .H 5ž /ž /p p ps
for t	 R .
Ž . 2b Let f : R  R be a continuous function and  : R  R be a2    
Ž .continuous and strictly increasing function with  0  0 such that
0 f t , x 
 f t , y m t , y 
1 x
 y , 2.21Ž . Ž . Ž . Ž . Ž .
for t	 R and x y 0, where m : R2 R is a continuous function and  

1 is the inerse function of  and

1 xy  
1 x 
1 y , 2.22Ž . Ž . Ž . Ž .
for x, y	 R . If
tpu t  a t  b t  f s, u s ds , 2.23Ž . Ž . Ž . Ž . Ž .Ž .Hž /0
for t	 R , then
p
 1 a sŽ .t
u t  a t  b t  f s, Ž . Ž . Ž . H½ ž /ž p p0
1p
p
 1 a  b Ž . Ž .t 
1exp m  ,   d ds , 2.24Ž .H 5ž / ž /ž / /p p ps
for t	 R .
Ž . Ž .b Let W r be a real-alued continuous nondecreasing subadditie3
Ž . Ž .and submultiplicatie function defined on R and W r  0 on 0, . If
tpu t  a t  b t g s W u s ds, 2.25Ž . Ž . Ž . Ž . Ž . Ž .Ž .H
0
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for t	 R , then for 0 t t , 1
1p
b sŽ .t




 1 a sŽ .t
D t  g s W  ds, t	 R , 2.27Ž . Ž . Ž .H ž /p p0
r ds
G r  , r 0, r  0, 2.28Ž . Ž .H 0W sŽ .r0
G
1 is the inerse function of G, and t 	 R is chosen so that1 
b sŽ .t 
1G D t  g s W ds	Dom G ,Ž . Ž . Ž .Ž . H ž /p0
for all t	 R lying in the interal 0 t t . 1
Ž . Ž .Proof. b Define a function z t by1
t
z t  f s, u s ds. 2.29Ž . Ž . Ž .Ž .H
0
Ž Ž .. Ž .Then as in the proof of Theorem 1 part a , from 2.19 we see that the1
Ž . Ž . Ž . Ž .inequalities 2.10 and 2.12 hold. From 2.29 , 2.12 , and the condition
Ž .2.18 it follows that
z t  f t , u tŽ . Ž .Ž .
p
 1 a t b t p
 1 a tŽ . Ž . Ž .
 f t ,   z t 
 f t , Ž .ž / ž /p p p p p
p
 1 a tŽ .
 f t , ž /p p
p
 1 a t b t p
 1 a tŽ . Ž . Ž .
m t ,  z t  f t ,  . 2.30Ž . Ž .ž / ž /p p p p p
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Ž .The inequality 2.30 implies the estimate
p
 1 a sŽ .t
z t  f s, Ž . H ž /p p0
p
 1 a s b Ž . Ž .t
 exp m  ,  d ds. 2.31Ž .H ž /ž /p p ps
Ž . Ž . Ž .From 2.31 and 2.10 the desired inequality in 2.20 follows.
Ž . Ž . Ž .b Defining a function z t by 2.29 and following the arguments2
Ž Ž ..as in the proof of Theorem 1 part a we see that corresponding to the1
Ž . Ž .inequalities 2.10 and 2.12 we get
u p t  a t  b t  z t 2.32Ž . Ž . Ž . Ž . Ž .Ž .
and
p
 1 a t b tŽ . Ž .
u t     z t . 2.33Ž . Ž . Ž .Ž .
p p p
Ž . Ž . Ž . Ž .From 2.29 , 2.33 , and the conditions 2.21 , 2.22 it follows that
z t  f t , u tŽ . Ž .Ž .
p
 1 a t b t p
 1 a tŽ . Ž . Ž .
 f t ,    z t 
 f t , Ž .Ž .ž / ž /p p p p p
p
 1 a tŽ .
 f t , ž /p p
p
 1 a t b tŽ . Ž .
1m t ,    z tŽ .Ž .ž / ž /p p p
p
 1 a tŽ .
 f t , ž /p p
p
 1 a t b t p
 1 a tŽ . Ž . Ž .
1m t ,   z t  f t ,  .Ž .ž / ž / ž /p p p p p
2.34Ž .
Ž .The inequality 2.34 implies the estimate
p
 1 a sŽ .t
z t  f s, Ž . H ž /p p0
p
 1 a  b Ž . Ž .t 
1 exp m  ,   d ds. 2.35Ž .H ž / ž /ž /p p ps
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Ž . Ž . Ž .The required inequality 2.24 follows from 2.32 and 2.35 .
Ž . Ž .b Define a function z t by3
t
z t  g s W u s ds. 2.36Ž . Ž . Ž . Ž .Ž .H
0
Ž Ž .. Ž .Then as in the proof of Theorem 1 part a , from 2.25 we see that the1
Ž . Ž . Ž . Ž .inequalities 2.10 and 2.12 hold. From 2.36 , 2.12 , and the conditions
on W it follows that
b sŽ .t
z t D t  g s W W z s ds, 2.37Ž . Ž . Ž . Ž . Ž .Ž .H ž /p0
Ž . Ž .where D t is defined by 2.27 . The rest of the proof can be completed by
 closely looking at the proof of Theorem 2.4.2 given in 2, p. 121 . We omit
the further details.
Ž . Ž .Remark 1. We note that in the special cases when i g 0 ii g 0,
Ž .p 2 in Theorem 1, and iii p 2 in Theorem 2, we get new inequalities
which may be convenient in certain applications.
3. DISCRETE ANALOGUES
 4Let N  n , n  1, n  2, . . . , where n  0 is an integer. For any0 0 0 0 0
Ž . Ž . Žfunction u n defined on N we define the operator  by u n  u n0
. Ž . Ž . 21 
 u n and for any function k n, s : N  R we define the operator0 
Ž . Ž . Ž . by  k n, s  k n 1, s 
 k n, s for n  s n. We use the usual1 1 0
Ž . Ž .convention of writing Ý u s  0 and Ł u s  1, if 	 is thes		 s		
empty set.
The discrete versions of Theorems 1 and 2 are embodied in the follow-
ing theorems.
THEOREM 3. Let u, a, b, g, h be real-alued nonnegatie functions de-




p pu n  a n  b n g s u s  h s u s , 3.1Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ý
sn0
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for n	N , then0
n
1 p
 1 a sŽ .
u n  a n  b n g s a s  h s Ž . Ž . Ž . Ž . Ž . Ž .Ý½ ž /ž /p psn0
1pn
1 h Ž .
 1 b  g   , 3.2Ž . Ž . Ž .Ł 5ž /ps1
for n	N .0
Ž . Ž .c Let c n be a real-alued positie and nondecreasing function2
defined on N . If0
n
1
p p pu n  c n  b n g s u s  h s u s , 3.3Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ý
sn0




pu n  c n 1 b n g s  h s c sŽ . Ž . Ž . Ž . Ž . Ž .Ý½
sn0
1pn
1 h Ž .
1
p 1 b  g   c  , 3.4Ž . Ž . Ž . Ž .Ł 5ž /ps1
for n	N .0
Ž . Ž . Ž .c Let k n, s ,  k n, s be real-alued nonnegatie functions for3 1
n  s n, s, n	N . If0 0
n
1
p pu n  a n  b n k n , s g s u s  h s u s , 3.5Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ý
sn0




u n  a n  b n B  1 A  , 3.6Ž . Ž . Ž . Ž . Ž . Ž .Ý Ł½ 5
1sn0
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for n	N , where0
h nŽ .
A n  k n 1, n b n g n Ž . Ž . Ž . Ž .ž /p
n
1 h sŽ .
  k n , s b s g s  , 3.7Ž . Ž . Ž . Ž .Ý 1 ž /psn0
p
 1 a nŽ .
B n  k n 1, n g n a n  h n Ž . Ž . Ž . Ž . Ž . ž /ž /p p
n
1 p
 1 a sŽ .
  k n , s g s a s  h s  , 3.8Ž . Ž . Ž . Ž . Ž .Ý 1 ž /ž /p psn0
for n	N .0
Ž . Ž .Proof. c Define a function z n by1
n
1
pz n  g s u s  h s u s . 3.9Ž . Ž . Ž . Ž . Ž . Ž .Ý
sn0
Ž . Ž .Then z n  0 and 3.1 can be written as0
u p n  a n  b n z n . 3.10Ž . Ž . Ž . Ž . Ž .
Ž . Ž Ž ..From 3.10 , as in the proof of Theorem 1 part a we obtain1
p
 1 a n b nŽ . Ž .
u n    z n . 3.11Ž . Ž . Ž .ž /p p p
Ž . Ž . Ž . Ž  .From 3.9 and using 3.10 , 3.11 we get see 3
h nŽ .
z n 1 
 1 b n g n  z nŽ . Ž . Ž . Ž .ž /p
p
 1 a nŽ .
 g n a n  h n  . 3.12Ž . Ž . Ž . Ž .ž /p p
Ž .h n
1 
1Ž .  Ž .Ž Ž . .Multiplying both sides of 3.12 by Ł 1 b  g   , tak-n p0
ing n s, and summing up both sides of the resulting inequality from n0
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Ž  .to n
 1, we get see 3

1n
1 h Ž .
z n 1 b  g  Ž . Ž . Ž .Ł ž /pn0
n
1 p
 1 a sŽ .
 g s a s  h s Ž . Ž . Ž .Ý ž /p psn0

1n
1 h Ž .




 1 a sŽ .
z n  g s a s  h s Ž . Ž . Ž . Ž .Ý ž /p psn0
n
1 h Ž .
 1 b  g   . 3.13Ž . Ž . Ž .Ł ž /ps1
Ž . Ž . Ž .Using 3.13 in 3.10 we get the required inequality in 3.2 .
Ž . Ž .c Since c n is a positive and nondecreasing function on N , from2 0
Ž .3.3 we observe that
p pn
1u n u s u sŽ . Ž . Ž .
1
p 1 b n g s  h s c s .Ž . Ž . Ž . Ž .Ýž / ž / ž /c n c s c sŽ . Ž . Ž .sn0
Ž .Now an application of the inequality given in c yields the desired result1
Ž .in 3.4 .
Ž . Ž .c Define a function z n by3
n
1
pz n  k n , s g s u s  h s u s . 3.14Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ý
sn0
Ž . Ž .Then as in the proof of part c , from 3.5 we see that the inequalities1
Ž . Ž . Ž . Ž . Ž .3.10 and 3.11 hold. From 3.14 and using 3.10 , 3.11 , and the fact that
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Ž .the function z n is monotone nondecreasing in n we observe that
z n 1 
 z nŽ . Ž .
p k n 1, n g n u n  h n u nŽ . Ž . Ž . Ž . Ž .
n
1
p  k n , s g s u s  h s u sŽ . Ž . Ž . Ž . Ž .Ý 1
sn0
 k n 1, n g n a n  b n z nŽ . Ž . Ž . Ž . Ž .Ž .
p
 1 a n b nŽ . Ž .
h n   z nŽ . Ž .ž /p p p
n
1
  k n , s g s a s  b s z sŽ . Ž . Ž . Ž . Ž .Ž .Ý 1
sn0
p
 1 a s b sŽ . Ž .
h s   z sŽ . Ž .ž /p p p
 A n z n  B n . 3.15Ž . Ž . Ž . Ž .
Ž .The inequality 3.15 can be written as
z n 1 
 1 A n z n  B n . 3.16Ž . Ž . Ž . Ž . Ž .




z n  B  1 A  . 3.17Ž . Ž . Ž . Ž .Ý Ł
1sn0
Ž . Ž . Ž .From 3.17 and 3.10 the desired inequality in 3.6 follows.
THEOREM 4. Let u, a, b, g be real-alued nonnegatie functions defined
on N and p 1 be a real constant.0
Ž .d Let L : N  R  R be a function such that1 0  
0 L n , x 
 L n , y M n , y x
 y , 3.18Ž . Ž . Ž . Ž . Ž .
Ž .for n	N , x y 0, where M n, y is a real-alued nonnegatie function0
defined for n	N , y	 R . If0 
n
1
pu n  a n  b n L s, u s , 3.19Ž . Ž . Ž . Ž . Ž .Ž .Ý
sn0
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for n	N , then0
n
1 p
 1 a sŽ .
u n  a n  b n L s, Ž . Ž . Ž . Ý½ ž /p psn0
1pn
1 p
 1 a  b Ž . Ž .
 1M  ,  , 3.20Ž .Ł 5ž /p p ps1
for n	N .0
Ž .d Let L : N  R  R be a function which satisfies the condition2 0  
0 L n , x 
 L n , y M n , y 

1 x
 y , 3.21Ž . Ž . Ž . Ž . Ž .
Ž . Ž .for n	N , x y 0, where M n, y is as defined in d , 
 : R  R is a0 1  
Ž . 
1continuous and strictly increasing function with 
 0  0, 









1 y , 3.22Ž . Ž . Ž . Ž .
for x, y	 R . If
n
1
pu n  a n  b n 
 L s, u s , 3.23Ž . Ž . Ž . Ž . Ž .Ž .Ýž /sn0
for n	N , then0
n
1 p
 1 a sŽ .
u n  a n  b n 




 1 a  b Ž . Ž .
1 1M  ,  
 , 3.24Ž .Ł 5ž / ž / /p p ps1
for n	N .0
Ž . Ž . Ž Ž ..d Let W r be as in Theorem 2 part b . If3 3
n
1
pu n  a n  b n g s W u s , 3.25Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ý
sn0
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for n	N , then for n  n n , n, n 	N ,0 0 1 1 0
1p
n
1 b sŽ .





 1 a sŽ .
D n  g s W  , 3.27Ž . Ž . Ž .Ý ž /p psn0

1 Ž Ž ..for n	N , G, G are defined as in Theorem 2 part b , and n 	N is0 3 1 0
chosen so that
n
1 b sŽ . 
1G D n  g s W 	Dom G ,Ž . Ž . Ž .Ž . Ý ž /psn0
for all n	N lying in n  n n .0 0 1
The proof follows by closely looking at the proofs of the theorems given
 above, see also 4, 5 . Here we omit the details.
Remark 2. As noted in Remark 1, in the special cases of Theorems 3
and 4 we get new discrete inequalities which can be used in certain
applications in the theory of finite difference equations and numerical
analysis.
4. AN APPLICATION
Ž Ž ..In this section, we indicate an application of Theorem 1 part a to1
obtain the explicit bound on the solution of a certain differential equation
to which the inequalities available in the literature do not apply directly.
For example, consider the differential equation
u p
1 t u t  F t , u t  r t , u 0  u , 4.1Ž . Ž . Ž . Ž . Ž . Ž .Ž . 0
where p 1 is a fixed real number, u is a real constant, and u,0
r : R  R, F : R  R R are continuous functions. It is easy to observe 
Ž .that the problem 4.1 is equivalent to the integral equation
u p t u pŽ . t t0
  F s, u s ds r s ds. 4.2Ž . Ž . Ž .Ž .H Hp p 0 0
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We assume that the function F satisfies the condition
   F t , u  h t u , 4.3Ž . Ž . Ž .
Ž . Ž .where h : R  R is a continuous function. From 4.2 and 4.3 we 
observe that
tp   u t  a t  p h s u s ds, 4.4Ž . Ž . Ž . Ž . Ž .H
0
p tŽ .    Ž . where a t  u  pH r s ds. Now a suitable application of Theorem 10 0
Ž Ž .. Ž .part a with g t  0 yields1
1pp
 1 a sŽ .t t
 u t  a t  p h s  exp h  d ds ,Ž . Ž . Ž . Ž .H H½ 5ž /ž /p p0 s
4.5Ž .
Ž .for t	 R . The right hand side of 4.5 gives the bound on the solution of
Ž .4.1 in terms of the known quantities.
In concluding we note that, in our opinion, many genuine new applica-
Ž  .tions of the above type of inequalities see also 2, Chap. 3 are still
waiting behind the door, which is the real scope of the results given here.
However, the more detailed discussion of such applications is left to other
work.
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